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ABSTRACT 
The constructive notions uniformly almost located and continuously reflective are introduced and 
then used to prove partial converses to Bishop’s Lemma about complete located subsets of a metric 
space. A Brouwerian example shows that the hypotheses of our two main results cannot be weak- 
ened. 
Working within Bishop’s constructive mathematics - which we may regard as 
intuitionistic Zermelo-Fraenkel set theory with intuitionistic logic (see [l, 2, 31) 
- in this paper we investigate conditions that ensure that a nonempty subset S 
of a metric space (X, p) is located, in the sense that 
P(X, S) = inf{&, y) : Y E S) 
exists for each x E X. Even if S is not known to be located, we write p(x, S) < r 
to signify that p(x,v) < r for some y E S, and p(x, S) > 0 to signify that there 
exists ii > 0 such that p(x, y) 2 S for all y E S. 
Let a be any real number, and 
Ra = {ax: x E R}. 
- 
Suppose that the closure Ra of Ra in R is located. Then either p( 1, Ra) > 0 or 
p( 1, Ra) < 1. In the first case, a = 0; in the second, there exists x E R such that 
11 - axi < 1, so ax f 0 and therefore a f 0. Thus the proposition 
Every complete linear subset of R is located 
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entails 
which, in turn, entails a weak form of the law of excluded middle known as the 
limited principle of omniscience (LPO): 
Zf (a,,) is a binary sequence, then either a,, = 0 for every n or else there 
exists n such that a,, = 1. 
Since LPO is independent of Heyting arithmetic (Peano arithmetic plus in- 
tuitionistic logic) and is false in the recursive interpretation ([4], page 53, Cor. 
1.4), we cannot hope to prove constructively that every complete linear subset 
of R is located. 
Bishop’s Lemma ([l], page 177, Lemma 7), a classically vacuous result with 
many applications in constructive analysis, says the following. 
Let S be a nonempty complete locatedsubset of a metric space (X, p). For 
each x E X there exists b E S such that if x # b (that is, p(x, b) > 0), 
then p(x, S) > 0. 
An examination of the proof of this result shows that the set S under con- 
sideration actually satisfies a stronger property than the ones stated in either 
Bishop’s Lemma or its counterpart in [2] (page 92, Lemma (3.8)): it is uniformly 
almost located, in the sense that there exists a strictly decreasing sequence 
(&)F= 1 of positive real numbers such that 
D lim ,_+ooS,, = 0, and 
D for each x E X there exists b E S such that for each n, if p(x, b) > S,, then 
P(X,S) > &,I. 
We use variants of this and the property of S in the original version of Bishop’s 
Lemma to obtain constructive partial converses of that lemma, providing 
conditions under which S is located in X. (For more on properties related to 
locatedness and Bishop’s Lemma see pages 112-120 of [ll].) 
Note that a uniformly almost located subset Sofa metric space is closed: for 
if x E S and b is chosen as in the foregoing definition, then we must have 
p(x, b) 5 15, for each n; whence p(x, b) = 0 and therefore x = b E S. 
We also need to know that a metric space X is locally totally bounded (re- 
spectively, locally compact) if every bounded subset of X is contained in a to- 
tally bounded (respectively, compact - that is, totally bounded and complete) 
one. A locally totally bounded subset of a metric space is located, and a located 
subset of a locally totally bounded space is locally totally bounded ([4], page 33, 
Theorem 4.11). 
Theorem 1. A nonempty uniformly almost located subset of a locally totally 
bounded space is located. 
Proof. Let X be a locally totally bounded space, and S a nonempty uniformly 
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almost located subset of X. It will suffice to show that S is locally totally 
bounded. Accordingly, let (S,,)~=t be as in the definition of untformly almost 
located, fix a in S, and consider any r > 0 for which the open ball B(a, r) in X is 
totally bounded. Given E > 0, choose a positive integer N such that S,+ 1 < e/3, 
andlet{xi,... , x,,,} be a S,+ i-approximation to B(a, r). For each k (1 2 k 5 m) 
choose bk E S such that for each IZ, if p(xk, bk) > &, then p(Xk, S) > &+ 1; and 
define & E (0, 1) such that 
Ak = 0 * P(Xk,bk) < 26N, 
Xk = 1 + fl(Xk,bk) > 6,. 
Given x E S n B(a, r), choose k such that p(X,xk) < S,v+ 1. If xk = 1, then 
p(Xk, bk) > 6~ and therefore p(xk,x) > 6~~1, a contradiction. Thus xk = 0; 
whence 
P(X, bk) < P(X, Xk) + p(Xk, bk) < bN+ 1 + 2fiN < 36N < E. 
It follows that {b k : xk = 0) is an E-approximation to S n B(a, r). we conclude 
that S n B(a, r) is totally bounded, and hence that S is locally totally boun- 
ded. 0 
Corollary 2. The following are equivalent conditions on a nonempty subset S of a 
locally compact metric space X : 
(i) S is untformly almost located. 
(ii) S is closed and located. 
(iii) S is locally compact. 
Proof. It follows from earlier observations and Theorem 1 that (i) implies (ii). 
For the proof that (ii) and (iii) are equivalent, see [2] (page 110, (6.2) and (6.3)). 
To prove that (ii) implies (i), note that a locally compact space is complete and 
apply Bishop’s Lemma. Cl 
Corollary 3. A untformly almost located linear subset of a finite-dimensional Ba- 
nach space is located and thereforefinite-dimensional. 
Proof. This follows immediately from Theorem 1 and work on pages 307-308 
of [2]. q 
Bishop’s Lemma is an immediate consequence of the following theorem of 
Mandelkern: 
If S is a complete located subset ofa metric space X, then for each x E X 
and each 6 > 1 there exists b E S such that p(x, b) 5 Sp(x, S) ([9], page 
5.4). 
Theorem 1 leads to a converse of Mandelkern’s theorem. 
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Corollary 4. Let S be a subset of a locally totally bounded metric space with the 
following property: there exists S > 1 such that for each x E X there exists b E S 
with 
p(x> b) 5 &4x> Y) (Y E S). 
Then S is located. 
Proof. It is enough to show that S is uniformly almost located; to do so, given 
x E X, and choosing the corresponding b E S, set S, = SP’. 0 
We now introduce another notion’ related to locatedness. We call a subset S of 
a metric space X continuously reflective if there is a mapping x H b,X of X into S, 
uniformly continuous on compact sets, such that for each x E X, if x # b,, then 
p(x, S) > 0. In that case, S is closed in X : for if x E S, we must have x = b,. 
In Brouwer’s intuitionistic mathematics, which is one model for our con- 
structive mathematics, we do not need to assume other than the existence of the 
mapping x H b,, since any mapping is automatically uniformly continuous on 
any compact set ([lo], page 366, Theorem 4.10 ). 
A closed located subspace S of a Hilbert space H is continuously reflective: 
for each x E H let 6, be the projection of H on S. The converse holds in the 
context of a finite-dimensional Banach space. Although this can be derived as a 
simple consequence of Theorem 6 below, we give an elementary proof that 
embodies a natural algorithm specific to the finite-dimensional context. 
Proposition 5. A continuously reJIective linear subset of afinite-dimensional Ba- 
nach space is finite-dimensional and hence located. 
Proof. Replacing the given norm by an equivalent one, we may assume that the 
Banach space is actually a Hilbert space H. Let S be a continuously reflective 
linear subset of H. Let n = dim(H), and let x H b, be as in the definition of 
continuously rejlective. We may assume that n > 1. Suppose we have found ele- 
ments eo = 0, ei, . . . , ek of S such that 
D if i > 1, then lleill = 1, and 
D if i < j, then e; I ej. 
If k = n, then there is nothing to prove. If k < n, let Hk be the orthogonal 
complement of {eo, ei, . . . , ek} in H. Then Hk is a finite-dimensional subspace 
of H with dimension at least 1; so 
c, = {X E f& : llXll = 1) 
is compact. Let P be the projection of H on Hk. Then the mapping XH 
[Ix - P(b,)(( is uniformly continuous on ck, and therefore 
‘A related, even weaker, condition is discussed in [S]. 
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mk = inf{ [Ix - P(b,)ll : X E ck) 
exists. Either mk > 0 or else mk < 1. In the first case, suppose that S rl Hk con- 
tains a unit vector x; then 
so p(x, S) > 0. This is absurd, so S n Hk = {0}, S is the finite-dimensional 
subspace of H spanned by {ee, el, . . . , ek}, and we are finished. In the case 
mk < 1 there exists x E ck such that /Ix - P(b,)l( < 1 and therefore P(b,) # 0; 
but 
fY&J = b, - (I- P)(b) 
where b, E S and (I - P)(b,) belongs to Hk, which is the finite-dimensional 
subspace of H spanned by the vectors eo, er , . . . , ek and is therefore a subspace 
of S. Hence 
is a unit vector in S that is orthogonal to ee, er , . .,,ek. 
This process is guaranteed to stop after at most n repetitions. Hence S is fi- 
nite-dimensional. •i 
A linear subset S of a l-dimensional Banach space is located if (and only if) it 
satisfies an even weaker property than continuous reflectivity - namely, for 
each x E X there exists b E S such that if x # b, then x # y for all y E S. To see 
this, we may assume that X = R or C. Choose b E S such that if 1 # b, then 
1 # y for all y E S. Either 1 # b or 11 - bl < 1. In the first case, if x E S and 
x # 0, we have 1 = x-*x E S, a contradiction; so S = {0}, which is located. In 
the case 11 - 6) < 1, there exists a nonzero element of S, so S = X which is also 
located. 
Here is a more general result about continuous reflectivity, whose proof 
is shorter, but perhaps algorithmically less informative, than that of Proposi- 
tion 5. 
Theorem 6. A nonempty continuously reflective subset of a locally compact space 
is located. 
Proof. Let X be a locally compact space, S a nonempty continuously reflective 
subset of X, and #J the corresponding mapping XH 6, as in the definition of 
continuously reBective. If B is a bounded subset of S, then there exists a compact 
subset K of X containing B. Since q5 is uniformly continuous on K, #J(K) is a 
totally bounded subset of S. On the other hand, for each x E S we have 
x = b, = 4(x); so B = 4(B) c 4(K). Thus S is locally totally bounded and 
therefore located. 0 
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We conclude with a Brouwerian example to show that we cannot remove the 
hypothesis of local total boundedness from Theorem 1 or the hypothesis of fi- 
nite-dimensionality from Proposition 5. 
Let H be a separable, infinite-dimensional, real Hilbert space, (e,) an or- 
thonormal basis of unit vectors in H, and (a,) a binary sequence with al = 0 
and at most one term equal to 1. Let S be the closure of the linear subset of H 
generated by the vectors e, + i anei (n 2 2). For each x = c,“= 1 x,&k E H de- 
fine 
b, = 5 (1 -ak)Xkek + E akxk(ek + +I). 
k=2 k=2 
(To see that this is a good definition, note that cr=, (1 - Uk)jxk12 converges, 
and that Cpz, aklxkl converges because limk, o. xk = 0 and ak = 1 for at most 
one k.) If x’ = cr= 1 x,$?k E Hand 11x - ~‘11 < E, then 
llbx - bll < likz2 (1 - ak) (xk - .;),kiI + IIkc2 ak(xk - XL) (ek + &3)/i 
Thus the mapping x H b, is uniformly continuous on H. 
Now observe that if a, = 1, then for each 
in S, 
IIx - .d2 = k;2 (xk - yk)2 + (XI - $‘m)2 + (&n - J’m)2; 
k#M’ 
whence 
(1) P(X,S) =,t:f, (Xi - t”)2+(x+-+i12X, _x,l, 
Js 
where we obtain the last equality by the method of least squares. Also, 
P(X, S) = $+I - &,I = $lIx - bxll. 
Consider what happens when x # b,. Either p(x, S) > 0 or p(x, S) < 
5 IIx - bJ. In the latter case we must have Uk = 0 for each k; whence S is the 
closure of the linear span of {ek : k 2 2}, b, = cpz2 Xkek, and 
P(X, S) = 1x11 = IIx - &II > 0. 
Thus S is continuously reflective. 
Next, define 61 = 1 and &+ 1 = a 6,. Given a positive integer n, choose N such 
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that C;=N+ 1 k x2 < 46:. If a, = 1 for some m 5 N, then, taking b = b,, we see 
from the foregoing that 
So we may assume that Uk = 0 for all k 5 N. Taking 
b=c Xkek E s, 
k=2 
suppose that IIx - bll > 6,. Then 
(2) 1x11 = llxlelll 2 lb-bll - > 6, - $6, = i&. 
Suppose also that p(x, S) < &&. If a, = 1 for some m > N, then Ix,,,1 < is,; it 
follows from this, (l), and (2) that 
p(x, S) = $12x1 - xml 
2 5 (21x1 I - I&TI) 
> -$& - ;sn> +n, 
a contradiction. Hence C& = 0 for all k > N and therefore for all k. But then S is 
the closure of the linear span of {ek : k > 2}, and so, by (2), 
p(x, S) = 1x1 I > 3 6, > --s,, 
$J 
again a contradiction. It follows that if IIx - bll > S,, then p(x, S) > -&c!& 
> &,I. Hence S is uniformly almost located. 
If, however, S is located, then either p(ei, S) > 2/d or p(ei, S) < 1. In the 
first case, if a, = 1, then by (l), p(ei, 5’) = 2/d, a contradiction; so ak = 0 for 
all k. In the second case, choose 
in S such that llei - y]I ‘C 1. Then choose N such that 
N 




el - c Ykek 
k=2 
we must have a,, = 1 for some m < N. 
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It follows that each of the statements 
Every nonempty uniformly almost located linear subset of an injkite-di- 
mensional Hilbert space is located 
and 
Every nonempty continuously rejective linear subset of an injinite-di- 
mensional Hilbert space is located 
implies LPO. 
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